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NAMBU STRUCTURES AND ASSOCIATED BIALGEBROIDS 


SAMIK BASU, SOMNATH BASU, APURBA DAS, AND GOUTAM MUKHERJEE 

Abstract. It is well known that Lie algebroid structures on a smooth vector bundle A 
are in one-to-one correspondence with Gerstenhaber brackets on the graded algebra of 
multisections of A. In this paper we introduce the notion of an n-Gerstenhaber algebra 
and prove a generalization of the above correspondence in the context of n-Lie algebroids. 
It is well known that Lie algebroid structures on a smooth vector bundle A are in one-to- 
one correspondence with linear Poisson structures on its dual bundle A*. We introduce 
a notion of linear Nambu structure of order n on a smooth vector bundle A and prove 
that if A admits a linear Nambu structure of order n then its dual A* is an n-Lie alge¬ 
broid. We also introduce the notion of Lie-Filippov bialgebroid as an n-ary generalization 
of Lie bialgebroid. A motivating example of Lie-Filippov bialgebroid is provided by a 
Nambu-Poisson manifold. Furthermore, we prove that if a smooth vector bundle admits 
a Lie-Filippov bialgebroid structure of order n, then the base manifold is equipped with a 
canonical Nambu-Poisson structure of order n. 


1. Introduction 

This paper investigates properties of n-ary structures on smooth manifolds and smooth 
vector bundles for n > 3. In 1985, Filippov [2] introduced n-Lie algebras as an n-ary 
generalization of Lie algebras. These are also referred to as Filippov algebras. This notion is 
also relevant in the context of Nambu mechanics [9]. There is growing interest to understand 
n-ary generalizations of the concepts of Lie algebras and Poisson manifolds. In [3] the 
authors introduced the concept of a Filippov algebroid - an n-ary generalization of Lie 
algebroid. 

It is well known [7] that Lie algebroid structures on a smooth vector bundle A over 
M are in one-to-one correspondence with Gerstenhaber brackets on the graded algebra 
r(AM). The bracket together with the standard wedge product of multisections makes 
r(AM) a Gerstenhaber algebra. In this paper, we prove a version of this result for n-Lie 
algebroids by introducing the concept of n-Gerstenhaber algebra as an n-ary generalization 
of a Gerstenhaber algebra (cf. Theorem 3.5). 

1.1. Theorem. Let A be a smooth vector bundle over M. There is a one-to-one correspon¬ 
dence between the set of n-Lie algebroid structures on A and the set of all n-Gerstenhaber 
brackets on the graded commutative, associative algebra (r(A*A),A) making it an 
n-Gerstenhaber algebra. 
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We introduce a notion of Linear Nambu structure of order n on a smooth vector bundle 
and show that if a bundle admits such a structure then its dual admits structure of an n-Lie 
algebroid. 

The notion of Lie bialgebroid, introduced by Mackenzie and Xu [8], is a generalization of 
both Poisson manifolds and Lie bialgebras. Recall that a Lie bialgebroid is a pair (A, A*) 
of Lie algebroids in duality, where the Lie bracket of A satisfies a compatibility condition 
expressed in terms of the differential d* on r(A*A), i.e., 

d,[X,Y] = [d*X, Y] + [X, d*Y], 

for all X, Y € TA. 

We note that if M is a Poisson manifold then the Lie algebroid structures on TM and 
T*M form a Lie bialgebroid. On the other hand, it is well known [5,8] that if (A, A*) is a 
Lie bialgebroid over a smooth manifold M then there is a canonical Poisson structure on 
the base manifold M. 

Nambu-Poisson manifolds are n-ary generalizations of Poisson manifolds introduced by 
Takhtajan [9]. It is natural to ask the following question: 

Does there exist some notion of bialgebroid associated to a Nambu-Poisson manifold of order 
n > 2? 

It is well-known that [10] for a Nambu-Poisson manifold M of order n > 2, the space 
I2 1 (M) of 1-forms admits an n-ary bracket, called Nambu-form bracket, such that the 
bracket satisfies almost all the properties of an n-Lie algebra bracket except that the fun¬ 
damental identity is satisfied only in a restricted sense. We summarize the properties of 
this bracket to observe that the Nambu-form bracket on Q 1 (M), together with the usual 
Lie algebroid structure on TM give rise to a notion which we call a weak Lie-Filippov 
bialgebroid structure of order n, n > 2, on TM. This motivates us to introduce a no¬ 
tion of weak Lie-Filippov bialgebroid structure of order n on a smooth vector bundle (cf. 
Definition 5.5). 

In order to classify such structures, we formulate a notion of Nambu-Gerstenhaber algebra 
of order n and prove that weak-Lie-Filippov bialgebroid structures of order n, n > 2, on a 
smooth vector bundle A over M, are in bijective correspondence with Nambu-Gerstenhaber 
brackets of order n on the graded commutative, associative algebra rA*A*, where A* is the 
dual bundle (cf. Definition 5.7, Theorem 5.8). 

We observe that for a Nambu-Poisson manifold M of order n > 2, the Nambu- 
Gerstenhaber bracket on D*(M), extending the Nambu-form bracket on D 1 (M) satisfies 
certain suitable compatibility condition similar to the compatibility condition of a Lie 
bialgebroid (cf. Proposition 5.12). This motivates us to introduce a notion of a Lie-Filippov 
bialgebroid structure of order n on a smooth vector bundle as a weak Lie-Filippov bialge¬ 
broid structure of order n, satisfying a compatibility condition (cf. Definition 6.2). Thus, 
given a Nambu-Poisson manifold M of order n > 2, we conclude that ( TM,T*M ) is a 
Lie-Filippov bialgebroid structure of order n on TM (cf. Corollary 6.3). A Lie-Filippov 
bialgebroid of order n may be viewed as an n-ary generalization of the notion of Lie bialge¬ 
broid. 
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In [11], Xu proved that there is a one-to-one correspondence between Lie bialgebroid 
structures on a smooth vector bundle A and strong differential Gerstenhaber algebra struc¬ 
tures on r(AM). We introduce an n-ary generalization of a strong differential Gerstenhaber 
algebra and prove (cf. Proposition 6.6) a version of the above correspondence for a Lie- 
Filippov bialgebroid of order n. 

It is well known [5,8] that if [A, A*) is a Lie bialgebroid over a smooth manifold M then 
there is a canonical Poisson structure on the base manifold M . It is, therefore, natural to 
expect that if ( A , A*) is a Lie-Filippov bialgebroid over M, then M would admit a canonical 
Nambu-Poisson structure. We prove that this is indeed the case (cf. Theorem 6.9). 

1.2. Theorem. Let (A, A*) be a Lie-Filippov bialgebroid of order n over a smooth manifold 
M for n > 3. Then there is a canonical Nambu-Poisson structure of order n on M such 
that the anchor a : A —» TM of the Lie algebroid A is a morphism of Lie-Filippov bial- 
gebroids {A, A*) —> ( TM,T*M). If there is a morphism {A, A*) —> (B,B*) of Lie-Filippov 
bialgebroids, the corresponding induced Nambu-Poisson structures on M are the same. 

The paper is organized as follows. In §2, we recall some basic definitions and fix notations. 
In §3, we introduce the notion of n-Gerstenhaber algebra and prove Theorem 1.1, a classi¬ 
fication result for n-Lie algebroids. In §4, we introduce linear Nambu structures of order n 
on a smooth vector bundle A as a generalization of linear Poisson structures and show that 
if A is equipped with such a structure then the dual bundle A* is an n-Lie algebroid (The¬ 
orem 4.2). In §5, we introduce the notion of weak Lie-Filippov bialgebroid of order n > 3, 
classify such structures on a smooth vector bundle and prove that if M is a Nambu-Poisson 
manifold of order n (n > 3) then the pair ( TM , T*M ) forms a weak Lie-Filippov bialgebroid 
of order n over M. Finally, in §6, we introduce the notions of Lie-Filippov bialgebroids of 
order n, strong Nambu-Gerstenhaber algebras of order n, classify Lie-Filippov bialgebroid 
structures of order n on a smooth vector bundles and prove Theorem 1.2. 


2. Preliminaries 

In this section, we recall some definitions, notations and results. Most of these ideas are 
from [2], [3] and [7]. 

Let X(M) denote the space of smooth vector fields on a smooth manifold M . The 
notion of a Lie algebroid is a generalization of Lie algebras and tangent bundle of a smooth 
manifold. 

2.1. Definition. A Lie algebroid is a smooth vector bundle p : A —>• M equipped with 

(i) a Lie algebra structure [ , ]^ on the space of T(A) of smooth sections of p; 

(ii) a vector bundle map a : A TM over M (called the anchor) such that the induced 
C'°°(M)-linear map a : T(A) —>■ X(M) is a map of Lie algebras and satisfies the derivation 
law: 

[X, fY] A = f[X,Y} A + a(X)(f)Y 

for all X, Y € T (A) and / € 
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Recall the definition of cohomology of a Lie algebroid with coefficients in a given repre¬ 
sentation V on a vector bundle E. 

2.2. Definition. The cohomology of A with coefficients in V denoted H*(A, V) is the 
cohomology of the cochain complex (T(A*A* <8) E), d A ) where the differential is given by 

fc+i 

d A <Kx u --- ,x k+1 ) = j2(-iy+'VxMXi,--- ,x r ._ 1 ,x r ,x r+1 ,-- - ,x k+l )) 

r =1 

+ E (-l) r+S ^[X r ,X s } A ,X lr -- ,X k+1 ). 

l<r<s<k+l 

In particular when E = M xl and V = a the anchor map (called the the trivial represen¬ 
tation), the above cochain complex is denoted by {r(A fc vl*), d A }k>o and the corresponding 
cohomology by H 9 (A). 

Note that when A is the tangent bundle Lie algebroid then the coboundary with trivial 
representation is precisely the de Rham cohomology operator. 

Recall that a Gerstenhaber (also known as Schouten) algebra is defined as follows. For a 
graded object A = ®i^zA l , if a £ A 1 , then |a| denotes the degree i of a. 

2.3. Definition. Let R be a ring and let C be an R-algebra. A Gerstenhaber algebra over C 
is a Z-graded commutative, associative C-algebra A = ®i^zA l endowed with a R-bilinear 
bracket (called Schouten bracket or Gerstenhaber bracket) 

[ , ] : A i 0 A j -> A i+J - 1 

satisfying 

(1) [a, b] = —(—l)d“l- 1 )CI 6 l- 1 ) [6, o], 

(2) (_i)(H-i)(W-i)[[o,6], c ] + (—i)(l 6 l- 1 )(M -1 )[[&,c],a] + (-l)(M-i)(l&|-i)[[ C)a ], b] = 0, 

(3) [a, b A c] = [a, b] A c + (—l)(l a l- 1 )Hfr a [a, c]. 

For each fixed a £ [a, ] is a derivation with respect to A of degree (|a| — 1). For the 

relabeling of A given by A^ = A l+ 1 , a Gerstenhaber algebra A may be viewed as a graded 
Lie algebra. 

It is a well known fact that given a Lie algebroid A over a smooth manifold M, the alge¬ 
bra r(AM) = ©fcr(A fc A) of multisections endowed with the generalized Schouten bracket 
[ , ] is a Gerstenhaber algebra [7]. Moreover, the collection of Lie algebroid structures 
on a smooth vector bundle A —> M are in one to one correspondence with the set of all 
Gerstenhaber brackets on the graded commutative associative algebra (r(A*A), A) making 
it a Gerstenhaber algebra. 

Recall that the n-ary generalization of Lie algebras are called n-Lie algebras or Filippov 
algebras of order n > 2. 

2.4. Definition. An n-Lie algebra (or a Filippov algebra of order n ) is a vector space B over 
R, together with a R-multilinear map 

[,..., ]: 6x-x6-aB 

L J s - - -/ 


n times 
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which is alternating, i.e., 

[®<r(i) j • • • j («)] sign(cr) [qi,..., ctn] 

for a G and satisfies the generalized Jacobi identity (also called the fundamental identity) 

n 

[®1, • • ■ , CL n — 1, [&1, • • • , bn\] — ^ ] \bi , ■ • • , bi— i, [fli, • • • , Cln—lj &i] j • ■ ■ j ^n] j 

i=l 

for all a*, bj £ B. 

Like Lie algebroid we have the notion of an n-Lie algebroid defined as follows: 

2.5. Definition. Let M be a smooth manifold. An n-Lie algebroid (or a Filippov algebroid 
of order n) over M, is a smooth vector bundle p : A —> M such that 

(i) the space of smooth sections TA admits an n-bracket [,..., ] which makes (TA, [ ,..., ]) 
an n-Lie algebra; 

(ii) there exists a vector bundle morphism p : A n-1 A -> TM over M (called the anchor) 
satisfying 

n— 1 

\p(X 1 A • • • A X n _ 1 ),p(Y 1 A • • • A y n _i)] = ^ p{Y 1 A • • • A [X u ..., Y*] A • • • A F n _i) 

2— 1 

and 

[Xi,..., Xn-ufY] =f[X u ..., X n - U Y] + p{X 1 A • • • A X n _i)(/)Y, 

for all G TA and / G C°°{M). 

Clearly, any n-Lie algebra may be considered as an n-Lie algebroid over a point with zero 
anchor map. More examples of Filippov algebroids may be found in [3]. 

Recall that a Nambu-Poisson manifold is a generalization of the notion of Poisson man¬ 
ifolds and is defined as follows [10]. 

2.6. Definition. Let M be a smooth manifold. A Nambu-Poisson bracket of order n (2 < 
n < dim M) on M is an n-multilinear mapping 

{,...,}: C°°(M) x • • • x C°°(M) —> C°°(M) 

satisfying the following: 

(1) Alternating: 

{/l, - - - ,/n} = sign(cr){/ cr ( 1 ),... ,/ CT ( n) } for any a G £ n ; 

(2) Leibniz rule: 

{fg, fli ■ • • j /rc} = /{#, / 2 , • • • , /n} + g{f, h, ■ ■ • , /n}; 

(3) Fundamental identity: 

n 

{_fh • • • i fn—h {nu • • • 5 1 ^ ^ • • • igi—h {fh • • • i fn—hgf\i • • • ■ 

i=l 

for fi,gj,f,g G C°°(M). 

The pair (M, {,..., }) is called a Nambu-Poisson manifold of order n. 

2.7. Remark. Note that Poisson manifolds are Nambu-Poisson manifolds of order 2. 
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Given a Nambu-Poisson bracket, one can define an n -vector field P G T(A n TM), called the 
corresponding Nambu-Poisson tensor, by 

P{df i,..., df n ) = 

for h,...,fn eC°°(M). 

3. Classification of Filippov algebroid structures 

Given a Lie algebroid A over a smooth manifold M, the algebra r(A*A) = ©^(A^A) of 
multisections endowed with the generalized Schouten bracket [ , ] is a Gerstenhaber algebra 
[7]. Moreover, the collection of Lie algebroid structures on a smooth vector bundle A —> M 
are in one to one correspondence with the set of all Gerstenhaber brackets on the graded 
commutative associative algebra (r(A*A),A) making it a Gerstenhaber algebra. The aim 
of this section is to prove a version of this result for Filippov algebroids. 

We need a graded version of Filippov algebra of order n. 

3.1. Definition. A graded Filippov algebra of order n is a Z-graded real vector space B = 

equipped with a multilinear bracket 

[ ,..., ] :Bx ••• xB^B 

satisfying the following conditions: 

(1) [B l \...,BP] C B h+i 2+-+**; 

(2) Graded anti-commutativity: 

[til, . . . , Oj, Oi-|-l, - - - , An] — ( 1)1 ' ^ [®1 j • • • j flj+1, <Xj, • ■ • j Cln] , dj G B^ ^, 

(3) Graded fundamental identity: 

n 

[fli, ■ ■ •, a n — i, [b\ ,..., b n J\ — ^ ^ [6i, • • •, bi—\ , [ui, • • •, a n —\, 6j], • • •, b n ], 

i= 1 

holds for homogeneous elements a\, a 2 , ■ ■ ■, a n -\ G B° and b^ G B lk . 

Note that if B is a graded Filippov algebra of order n, then the bracket [,..., ] re¬ 
stricted to £>°, makes it a Filippov algebra of order n. Next, we introduce a natural n-ary 
generalizations of Gerstenhaber algebras, which we call n-Gerstenhaber algebras. 

3.2. Definition. Let R be a ring and C be an iTalgebra. An n-Gerstenhaber algebra over 

C is a Z-graded commutative, associative C-algebra (A = . A) with an 72-multilinear 

operation 

[,..., ] : A X ■ ■ ■ x A —> A, (ai,... ,o n ) i-A [ai,... ,a n ], 

satisfying 

(i) [ai ,... ,a n \ G Ml ai l + ‘‘‘ + l a "l~( n “ 1 ), 

(ii) [ai,... ,aj,a i+ i,... ,a n ] = -(-l^KMXk+d-bJai,... ,a i+ i,aj,... ,a n ], for all ai G 

A Kl; 
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(iii) [ai,..., a n _i, [bi,... , b n ]] = YZ= i[&L ■ ■ ■ ■> bi—i, [«i, ■ • • dn-u h], 
for all ai,a 2 , • • •, a n _i G .A 1 and bk G .A^l; 

(iv) for all a* G .A^, b G „A^, and cG A 

[ai, • • •, an-i,b Ac] = [ai,..., a n _i, b] A c + (—1) td" 1 1~ 1 )“ l G(|a^-i |—1)]|6| ^ A [ ai) ..., a n _ i, c]. 

The n-linear operation in the above Definition will be called an n-Gerstenhaber bracket. 

3.3. Remark. An n-Gerstenhaber algebra consists of a triple (A = ©iez-A*, A, [ ,..., ]) such 
that 

(1) (A, A) is a graded commutative, associative algebra; 

(2) (A = © iGZ ^ (i) , [ with A^ = A i+1 , is a graded Filippov algebra of order n; 

(3) for each fixed cij G A^, i = 1,2, — 1, [ai,..., a n _i, ] is a derivation with 

respect to A of degree (\a\ \ — 1) + ■ ■ • (|a n _i| — 1). 

3.4. Example. Let (£>, [ ,..., ]) be a Filippov algebra of order n. The commutative, 
associative graded algebra A*£> (with respect to the standard wedge product A) may be 
given an n-Gerstenhaber algebra structure extending the given bracket defined as follows: 

[ai,..., a n ] = 0, if some aj G A °B = R, 

[ai,... , a n \ is the given bracket if |a,;| = 1 for all i 
and extend the bracket on A *B uniquely by using the conditions (ii) and (iv) of Definition 
3.2. 

For a vector bundle A over M, the graded C°°(M)-module r(A*A) = ©&>oT(A fc A) is a 
graded commutative associative algebra. We prove 


3.5. Theorem. Let A be a smooth vector bundle over M. There is a one-to-one correspon¬ 
dence between the set of n-Lie algebroid structures on A and the set of all n-Gerstenhaber 
brackets on the graded commutative, associative algebra (r(A*A),A) making it an 
n-Gerstenhaber algebra. 


Proof. Let A A M be an n-Lie algebroid and p : A n ~ 1 A —>• TM be the associated anchor 
map. We extend the n-Lie algebra bracket [,..., ] on T(A) = T(A 1 A) to an n-Gerstenhaber 
bracket [,..., ] on r(A*A) as follows. For X\, X 2 , ■ ■ ■, X n _\ G T(A) and / G C°°(M) = 
r(A°A), 

[Xi,X 2 ,... /] := p(X 1 A • • • A X n _!)(/). 

Using the conditions (ii) and (iv) of Definition 3.2, extend the bracket [,..., ] to all of 
r(AM). It remains to show that this extended bracket on r(A*A) satisfies condition (iii) 
of Definition 3.2. 

For Xi, Y) G TA we have the identity 


[X u .. -,X n _u [Yu ...,Y n ]] = ^[Ti,.. .,Yi-u [Xu ■ ■ • ,*n-i ,X t ],... ,Y n ]. 


i=1 
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Let / G C°°(M). Prom condition (ii) of Definition 2.5 we get 
\p{X 1 A • • • A X n - 1 ),p(Y 1 A • • • A y„-i)](/) 


72—1 


p(yi A ■ ■ ■ A [X ls ..., X n _ lf F,] A • • ■ A y n _i)(/) 

2=1 

72—1 


2 — 1 


Thus, 


(p(X i A ■ ■ ■ A ViXTi A • ■ ■ A y n _i) — p(Fi A • ■ ■ A y n _i)p(Xi A ■ ■ ■ A X n - ± ))(f) 


72—1 

= ^[Fi,... ,y_i, [Xi,... .x^.y*],... /]. 

2—1 

In other words, 


[Xi, • • • ,X n - U [Fi,.. • ,F n _ l5 /]] - [Fi,... ,F n _ 1; [X U .. .,X n - U f]] 


72—1 


^[F l5 .. ■, Fj_,, [X u ... ,X n _!, Yi \,... ,F n _!, /]. 


2 — 1 


Hence 

[X 1 ,...,X n _ 1 ,[Y 1 ,...,Y n _ 1 J]} 


72—1 


= ^[Fi,...,F i - 1 ,[X 1 ,...,X ri _ 1 ,F i ],...,F n _ 1 ,/] + [Fi,...,F n _ 1 ,[X 1 ,...,X n _ 1 ,/]]. 

2=1 

Thus by skew-symmetry, we can say that the property (iii) of the Definition 3.2 holds if one 
of entry Y t = f G C°°(M) = TA°A 

Let the identity hold for any multisections Yj G T\ mj A, j = 1,2,..., n. In other words, 
for any Xi,..., X n _i G TA and Yj G TA mj L4, j = 1,2,...,n, we assume 

[x 1 ,...,x n _ 1 ,[yi,...,y n _ 1 ,y n ]] 

72 

= ^[F l5 ..., y_!, [X 1; ... ,X n _!, Fi],... ,F n _!,F n ]. 

2=1 

We claim that for any F G Td, 

[X 1 ,...,X n _ 1 ,[F 1 ,...,F n _ 1 ,F n AF]] 

72—1 

= J2[Yi,...,Y i - l ,[X 1 ,..., X n _ l5 Yi \,..., F n _), Y n A F] 

2=1 

+ [Fi,... ,y n _!, [Xi,... ,x n _!,y n a f]]. 

To prove our claim, we compute either side of the above equality and show that they are 
equal. 
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Let Y € TA and 6 = ((mi — 1) + • • • + (m n — l))m n . Applying condition (iv) of the 
Definition 3.2 repeatedly, we get 


[Xi,... ; 

,X n _i,[y,... 

,,y n _i,y n Ay]] 


= [Xu- 

..,x„- 1; |y 

,... ,y_i,y] a y + (-i) e y a [y,... 

,Y n -uY]] 

= [Xu- 

...x^jy 

,...,y_i,y] AY] + (-if[x u ...,x n 

,_i,y B A[y I ...,y B - 1 ,y]] 

= [Xi,. 

...,X n _u[Yi 

,...,y n _i, Y n ]] a y + [y,...,y_i,y] 

a [Xi,...,x n _!,y] 

+ (-l) e [X 1 ,...,X n _ 

uY n \ A[y,...,y n _i,y] 


+ (-lfL n A[X 1 ,... 

i 

y 

i 


On the other hand, 



71 — 1 

XK' 

1=1 

+ \Yu- 

■■■,Yi-u[Xi, 

..., x n _ l5 y],..., y n _i, Y n a y] 


..,Y n -u[Xu 

• • •, x n _i, Y n a yj] 



71—1 

= 5^[Yi,.. . ,y_ 1 , [Xi,.. ..Vi,!*], • • • ,x n _i,y n ] A y 

i=l 
n — 1 

+ £(-i)*y n A [y,... ,y_i, [x u .. . ,x n _i,y],... ,y„_i,y] 

i=l 

+ [y,..., y n _i, [x u ...,x n _!,y n ] a y + y a [x l5 ..., x n _i, y]] 

71 — 1 

= £[y,... ,y_i, [Xi,... ,x n _i,y],.. .,y_i,y] a y 

i=l 

71—1 

+ ^{-i) 0 Y n a [y,..., y_i, [Xi,, x n _i, y],..., y_i, y] 

i=l 

+ [y,... ,y_i, [Xi,... ,x n _!,y n ]] a y + (-i) 0 [x 1; ... ,x n _ l5 y n ] a [y,... ,y„_i,y] 

+ [y,..., Y n ] a [x 1; ... ,x n _!,y] + (-i) 0 y a [y,... ,y_i, [x 1; ... ,x n _i,y]]. 

Comparing terms from the above computations and using the assumption establishes our 
claim. By induction we may now conclude that the extended bracket satisfies condition (iii) 
of the Definition 3.2. Hence r(A*A) has an n-Gerstenhaber algebra structure. 

Conversely, assume that there is an n-Gerstenhaber bracket [ ,..., ] on the graded 
commutative, associative algebra (T(A*A),A) which makes it an n-Gerstenhaber algebra. 
The restriction of this bracket to T(A) makes T(A) an n-Lie algebra. Let Xi, ..., X n _i £ 
r(A) and f,g£ C°°(M) = T(A°A). Then by condition (iv) of Definition 3.2, we have 

[Xi,.. • ,x n _!, fg] = [x u .. .,x n -uf]g + f[Xu ■ ■ -,x n _ug\- 

Thus, [Xi,... ,X n _i, ] defines a vector field on M given by 


/ ^ [Xi,..., X n _!, /]. 
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Hence, we have a linear map 

P : T(A ri - 1 H) —> £(M), p(X 1 A---AX n _ 1 ) = [X 1 ,...,X n _ 1 , ]. 

Observe that 

p^iA-AViK/) = [X lj ...,gX n _ 1 J] 

= -[X l} ...,X n - 2 J,gX n ^] 

= ~[Xu • • • ,X n - 2 ,f,g\ A X n _i — g[X]_,... ,X n _ 2 , f,X n _ i] 

= g[X 1 ,.. H X n _ 2 ,X n _ 1 ,f] 

= 9 p{X\ A ■ ■ ■ A X n _i)(f). 

Therefore, p is C'°°(M)-linear and hence it defines a vector bundle morphism 

A n ~ l A —> TM, 

also denoted by p. Now let X \,..., A„_i, Yi,..., Y„_i € T(A) and / € C°°(M). 

Observe that 

\p(Xi A ■ ■ ■ A X n . 1 ),p(Y 1 A ■ ■ ■ A Y n _i)](/) 

= p(Ad A • • • A A^)^ A • • • A Y n _i)(/) - p(Yi A • • • A Y n _ 1 )p(X 1 A • • ■ A X n _0(/) 

= [*!, ■ ■ ■, X n —i, [Yi,..., Y n _!, /]] - [Yi, . . . , Y n _!, X n _!, /]] 

n—1 

= ]T[Yi, ... Y;-i, [X lt ... ,X n _ u Yi \,..., Y n _!, /] 

i= 1 

+ [Y l5 ... Y n _ 1? [X u ... , X n _!, /]] - [Y x ..., Y n _!, [X l5 ..., X n _!, /]] 

n—1 

= ^( y i A ‘ ‘ ‘ A Yi-i A [Xj,..., X n _uYi] A • • • A Y^f). 

i— 1 

Thus, 

[p(Ai A ■ ■ ■ A X n _i), p(Y! A • • • A Y n _i)] 

= Er=i X a • • • A Y,_! A [Xu . • •, X n _uYi] A ■ ■ ■ A Y n ^). 

For Y e T(£'), 

[*i, ■ ■ ■, X n _i, /Y] = /[Ad,..., X n _!, Y] + [Ad,..., X n _uf\ A Y 
= f[Xu...,X n _uY] + p(X 1 A---X n _ 1 )(f)Y. 

Therefore, (A, [,..., ], p) forms an n-Lie algebroid. □ 

4. Linear Nambu structures 


It is well-known that there is a one-to-one correspondence between Lie algebroid structure 
on a smooth vector bundle A over a smooth manifold M and linear Poisson structures on 
the dual bundle A* [7]. In this section we introduce a notion of linear Nambu structure on 
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a smooth vector bundle A and prove that if A is equipped with a linear Nambu structure 
of order n then its dual bundle A* is a Filippov algebroid of order n. 

Let p : A —> M be a smooth vector bundle. Suppose p* : A* —> M be the dual bundle. 

Then a section a £T A* determines a fibre-wise linear function on A, denoted by l a and is 
defined by 

laiflrn) — farri), £ Am, Rl G M. 

A basic function on A is a function of the type fop where / £ 

4.1. Definition. Let p : A —> M be a smooth vector bundle. A Nambu structure 

(A, {,-■•, }) of order n on the total space A is called a fibre wise linear Nambu structure 
or linear Nambu structure of order n if it satisfies the following properties. 

: The bracket of n linear functions is a linear function. 

: The bracket of (n — 1) linear functions and a basic function is a basic function. 

: The bracket of functions where there are more that one basic functions as entries is 
zero. 

Let p : A —> M be a smooth vector bundle with a linear Nambu structure (A, { , • • • , }) 
of order n on A. Let an, « 2 ,..., a n £ TA*. Then l ai , i £ {1,... ,n} are linear functions 
on A. 

Let [an,..., a n ] £ TA* be such that 

{lai , • • ■ , la„ } l[ai,...,a„] ■ 

Observe that for any an,, a n -i G TA* and / £ C°°(M), 

{la11 ■ ■ ■ i la n -1 ; / ° P{ 

is a basic function. Moreover, it is straight forward to check that {l Ql ,..., l Qn _ 1 , f o p} is a 
derivation with respect to /. Therefore, there exists a vector field p{a\ A • • • A a Q , n _ 1 ) such 
that 

{fa\ i ■ ■ = p(a 1 A ■ ■ 'Aa„_i)(/) op. 

Note that for g £ C°°(M), 

{lai,-- -,lga n -i,f°p} = p{a l A • • • A ga n -i)(f) op. 

On the other hand, 

{lai lga „-1 ,fop} = {l Q1 O p)la n ~i, f ° p} (because, l ga = (g o p)l a ) 

= (g° P){lai , • • • , la n -1 ,f°P} + la n -i {lai, - - - , 9 ° P, f ° P} 

= {g°p)p(u l A • • • A a n -i )(/) op 
= {gp{u l A • • • A a„_i)(/)) O p. 

Thus, p is C°°(M)- linear, hence yields a vector bundle map 

p : A"- 'A* —> TM. 

4.2. Theorem. Let p : A —> M be a smooth vector bundle with a linear Nambu structure 
(A, {,-■-,}) of order n on A. For a\, a.i, • • •, a n £ TA*, let [ai,..., a n ] £ TA* be such 
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that {l ai ,..., l an } = l[ ai ,...,an\- Then this bracket on TA* together with the vector bundle 
map p : K n ^ 1 A* —> TM defines a Filippov algebroid structure of order n on the dual 
bundle A*. 

Proof. The bracket ] on TA* is skew symmetric and satisfies fundamental identity as 

so does the bracket }. Let a \,..., a n -i, /3 ..., (3 n -1 £ Tj 4* and / £ Note 

that 

n— 1 

^ ) ■ ■ ■ ! l[ai,...,a„-i,/3i] j ■ ■ ■ ) lpn-i > / ° P} 

2=1 
n—1 

= p(P l A • • • A A [«1,... ,a n -i,/3i\ A • • ■ A fi n -i )(/) op. 

2—1 

On the other hand, 

n—1 

^ ! ' ' ' > l[ai,...,Ctn-l,Pi] 1 • ■ ■ ’ Ipn -1 ! / ° P} 

2—1 

72—1 

= ^ j ■ ■ • > Om J ■ ■ ■ ? ^n-1 ) • • • ) Ipn -1 l/°p} 

i=l 

~ {^«i j ■ ■ ■ > la n -\ i ! • • ■ ! If3n-i ) / ° P}} — {^/3i j • • ■ j ) {^ai j • • • i 11/°?}} 

= p(ai A ■ ■ ■ A ct n _i)p(/3i A • • • A /3 n -i)(/) op - p(/3i A • • ■ A /3 n _i)p(ai A • • ■ A a„_i)(/) op 
= [p(ai A • • • A a n -i),p(fii A • • • A /3 n -i)](/) °P- 
Therefore, 

[p(«i A • • • A a n _i), p(/3i A • • • A fin-i)] 

72—1 

= ^p(/3i A ■ ■ ■ A /3i_i A [or,... ,a n _i,/3i] A ■ ■ ■ A f3 n -i)- 
2—1 

It remains to show that 

[«i,.. .,a n -i,ffi] = f[a i,... ,a n _i,/3] + p(«i A • • • A a n -i)(f)f3. 

This follows from the identity 

= {^Ol ) • • • 1 5 ^//3} 

= {l ai r..,ia„_i,(/op)W 

= ( / ° p){^ai ) • • • ) T «l j ■ ■ ■ ) la n - 1) / °P}^3 

= (/ opjih,/3] + (p(«i A • • • A a n -i )(/) op)l^ 

= ^/[ai,-, a n-ii(8] + ^(aiA-Aa„_i)(/))9 
~ lf[ai ,/3]+p(«iA-"Aa rl _i)(/)/3■ 

Therefore, (.A*, ], p) is a Filippov algebroid of oder n. □ 
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4.3. Remark. It may be noted that linear Narnbu structure of order n is a generalization of 
the notion of linear Poisson structure and for n > 2, the converse of the above result need 
not hold, in fact, for any n-Lie algebra (n > 2) £>, the corresponding n-vector field on B* 
need not be locally decomposable ([!]). 


5. Weak Lie-Filippov bialgebroid 

The aim of this section is to introduce a notion of weak Lie-Filippov bialgebroid structure 
on a smooth vector bundle and to show that such structures arise naturally from Nambu- 
Poisson manifolds of order n > 3. 

Let (M, {,...,}) be a Narnbu-Poisson manifold of order n > 3. Let P € T(A n TM) be 
the corresponding Nambu-Poisson tensor defined by 

P(df \,..., df n ) = {/i,...,/ n }, 

for /i,..., f n € C°°(M). P defines a bundle mapping 

j ) P : T*M x • ■ ■ x T*M —> TM 

v v y 

n—i times 

given by 

(/?, (J P (ai,..., a n -i)) = P(ai,..., a„_i, /3) 

where all the arguments are covectors. Recall that P-Hamiltonion vector field of (n — 1) 
functions f \,..., f n -i is defined by 

x f 1 ...fu-i = $p(dfi, ■ ■ -,df n -1 ). 

Then we have an n-ary operation ] ([10]), called Nambu-form-bracket on the space 

of 1-forms defined as follows 

5.1. Definition. 

n 

[or, . . . , d(P(ou, . . . , )) T ^ ] ( 1) 

fc=1 
n 

^ ( i-) l)^(-^ > ( ( Tl; ■ ■ ■ ; a n )), 

k=1 

where afc, k = 1,... ,n are 1-forms on M and Cx denotes the Lie derivative operator with 
respect to a vector field X. 

We have the following proposition from [10]. 

5.2. Proposition. For a Nambu-Poisson manifold (M, { ,..., }) of order n, the Nambu- 
form-bracket on the space of 1-forms satisfies the following properties. 

(1) The Nambu-form-bracket is skew-symmetric; 

(2) [dfx ,..., df n ] = d{fi,..., f n } for all /i,..., f n € C°°(M); 
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(3) for any 1-forms a\,... ,a n and for all f £ C°°(M), 

[o?l, . . . , Q! n —i, f CXn] — f [ctl > • • ■ > Oi n —1 , Q^n] "F ) ■ ■ ■ j ®n—1) (/)®n j 

(4) for any 1-form a and for all fi,..., f n ~i £ C°°(M), 

\df l j ■ ■ ■ j df n — i , ci] Ha/ j ....,f n _i 

(//) /or any 1-forms a\,a n and for all fi,..., f n -\ £ C°°(M), 

n 

£-X Ipl > * * * ' ®-n\ ^ ' [di, . . . , Jlx ^5 • • • 5 ^n]; 

i=l 

From the properties (4) and (5) of the Proposition 5.2 we get 

5.3. Corollary. For any 1-forms a i,..., a n and for all /i,..., f n -1 £ C°°(M), the following 
identity holds 

n 

\df i j ■ • •, df n — i, [or,..., ct n ]] — ^ " [ai, •••, cij_i, \df \,..., df n —\, ctj],..., o n ]. 

i=l 

5.4. Remark. Since any closed form is locally exact, it follows from the the Corollary 5.3 
that the fundamental identity 

n 

[dr, . . . , Q-n— 1 1 \P 1 j • • • j //i]] — /* ' [fl , • • • , fli— 1, [dr, . . . , O n _i, Ctj], • • • , /?n] 

i= 1 

holds whenever the 1 -forms cty, 1 < j < n — 1 are closed. 

In order to understand the above properties of Nambu-Poisson manifolds in the proper 
perspective, we introduce a notion of a weak-Lie-Filippov bialgebroid. 

5.5. Definition. A weak Lie-Filippov bialgebroid of order n > 2 over a smooth manifold 
M consists of a pair (A, A*), where A —M is a smooth vector bundle with dual bundle 
A* —^ M satisfying the following properties: 

(1) The vector bundle A —M is a Lie algebroid with c /4 being the differential of the 
Lie algebroid cohomology of A with trivial representation; 

( 2 ) the space of smooth sections TA* admits a skew-symmetric n-ary bracket 

f ,..., 1 : TA* x • • • x FA* — >TA* 
n times 

satisfying 

n 

[o^l, . . . , 0^72—1) [/?l, • • • 5 Pn}\ = ^ ^ [/^l ? • • • 5 fii—li [c^l? • • • 5 Qn—h • • • ? /^n] 

i=l 

for all d^-closed sections ^ G Ti*, 1 < i < n — 1 and for any sections ^ G Td*, 1 < 

j < 
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(3) there exists a vector bundle morphism p : A n 1 A* —> TM , called the anchor of the 
pair {A, A*), such that the identity 

71—1 

\p(ai A • • • A a n -i),p(/3i A • • • A f3 n - 1 )] = ^ /o(/?i A • • • A [or,... ,<*„_!,/%] A • • • A /3 n _i) 

2=1 

holds for all d^-closed sections € T4*, 1 < i < n — 1 and for any sections 
(3j £ r A*, 1 < j < n — 1; 

(4) for all sections a* £ T A *, 1 < i < n and any / € 

[ai,..., cx n — i, f o n ] — /[ai,..., cr n _i, n n ] -|- p(oi A • • • A tt n -i) (/)oa 
holds. 

5.6. Remark. Thus for a weak Lie-Filippov bialgebroid (A, A*) A is a Lie algebroid and 
A* is almost a Filippov algebroid over M except that some of the defining conditions are 
restricted (cf. Definition 2.5). 

In order to prove a classification result for weak Lie-Filippov bialgebroids similar to that 
of Filippov algebroids we introduce the following definition. 

5.7. Definition. Let R be a ring and C be an iLalgebra. A Nambu-Gerstenhaber algebra of 
order n over C is a Z-graded commutative, associative C-algebra (A = (BieiA 1 , A) equipped 
with 

(1) a differential 5 on A, which is a derivation of degree 1 with respect to A, that is, 
<5 : A 1 —> A l+1 is a iLlinear map such that 5 2 = 0 and 

6(a A b) = da A b + (—l)k a A b 

for homogeneous elements a,b £ A; 

(2) an R -multilinear operation 

[,..., ] : A x ■ ■ ■ x A —¥ A, (ai, • • • ,a n ) HA- [oi,... ,a n ], 

called Nambu-Gerstenhaber n-ary bracket, satisfying 

(i) [ai,..., a n ] £ 4 M+-+KM™-i) ! 

(ii) [ai,... ,ai,a i+ i ,... ,a re ] = -(-l)(kl-i)(k+i|-i)[ ai) ..., a i+1 , ai ,..., a„], for all 

ai £ .4kI; 

(hi) [ai,..., a n _i, [ 61 ,..., b n }\ = J2?=i[ b h ■■■, 1 , [ 01 , • • • a n _i, 6 *],... b n ], 

for all h-closed ai, 02 ,..., a n -\ £ A 1 and b^ £ 4 kl; 

(iv) [ai,... ,a n -i,b A c] 

= On-!, 6 ] A C + (-l)[(k|-l)+-+(K—l|-l)P 6 A K, . . . , On-!, c] 

holds for all ai £ 4 k I, b £ 4^1, and c £ A. 

A Nambu-Gerstenhaber algebra of order n is denoted by the quadruple (4, A, [ ,..., ], <5). 

5.8. Theorem. There is a one-to-one correspondence between weak Lie-Filippov bialge¬ 
broids (4,4*) of order n > 2 over a smooth manifold M and Nambu-Gerstenhaber algebra 
structures of order n on the graded C°°{M)-modules T(A*4*). 
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Proof. Let A —> M be a smooth vector bundle such that {A, A*) forms a weak Lie Filippov 
bialgebroid of order n > 2. We extend the given n-ary bracket ] on Td* to an n-ary 

bracket on TAM* as follows. For aq,..., a n _i € TA* and / € C°°(M ) = rA°A*, we define 

[aq, • • •, a n -i, f] ■= p{ot\ A • • • A a n -i)(f) 

where p is the anchor of the pair (A, A*). One can now extend the bracket ] uniquely 

to TAM* by induction using conditions 2 (ii) and 2 (iv) of the Definition 5.7. Then by an 
argument similar to the first half of the proof of the Theorem 3.5, one shows that condition 
2 (iii) of the Definition 5.7 holds. Thus 

(r(AM*),A, [ ,..., },d A ) 

is Nambu-Gerstenhaber algebra of order n. 

Conversely, suppose that 

(r(AM*), A, [,..., ],S) 

is a Nambu-Gerstenhaber algebra of order n (n > 2). Then the differential 5 induces a 
Lie algebroid structure on A with d A = <5 as the differential operator for the Lie algebroid 
cochain complex [11], The restriction of the bracket [,..., ] to TA* satisfies condition (2) 
of the Definition 5.5. Next, observe that for aq,..., a n _i £ TA* and /,g £ we 

have 

[aq, . . . , Oiji —x ? f d\ [aq : • • • ; ®-n—1 > f\p T f [oq, * * * , Ot-n —1 1 d\' 

Thus, [aq,..., a n _i, ] defines a vector held on M, giving us a C'°°(M)-linear map 

rA" -1 A* —> £(M), p(ai A • • • A ot n -i) := [a ±,..., a n _i, ] 
and hence, a vector bundle map 

p : A n_1 A* —> TM. 

Rest of the proof is similar to the last part of the proof of the Theorem 3.5 and we omit 
the details. □ 

5.9. Remark. Given a weak Lie-Filippov bialgebroid (A, A*) of order n over M, we shall 
refer the induced n-ary bracket on TA'A* as induced Nambu-Gestenhaber bracket. 

We are now in a position to prove one of the main results of this section. 

5.10. Theorem. Let (M, { ; ..., }) be a Nambu-Poisson manifold of order n > 3. Let 
P £ r(A”TM) be the corresponding Nambu-Poisson tensor defined by 

P(df \, • • •, df n ) = {/i,...,/ n }, 

for fi,...,f n £ Then the pair (TM,T*M) is a weak Lie-Filippov bialgebroid of 

order n > 3 over M. 

Proof. The bundle mapping 

Up : T*M x • • • x T*M —> TM , 

v V x 

n—i times 
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(/3,fip(ai,... ,a n -i)) = P(ai,.. .,a n -i,/3), 

induced by P , where all the arguments are covectors, may be viewed as a vector bundle 
map 

(1) : A n ~ l T*M —> TM 

(P, P\ai A ■ ■ ■ A a n -i)) := (f3, (jp(ai,..., a n _i)) , 
where all the arguments are covectors. 

From Definition 5.1 we may write the Nambu-form-bracket on the space of 1-forms as 

n 

[or, . . . , OZ-n ] d(P(ot i, . . ■ , Ctn)) T ^ ] ( 1) ^P^(oL\f\---f\dLkf\---/\cx rl )^ j( ^k 

k= 1 
n 

^ ^ ( 1) A---A2fcA...Aa n )®^ — ■ ■ • > ^n))j 

fc=l 

where ap, k = 1,..., n are 1-forms on M. On TM we take the usual Lie algebroid structure 
and consider the vector bundle map (1) as the anchor. Then by properties (1), (3), of the 
Proposition 5.2 and by the Remark 5.4, all the defining conditions (cf. Definition 5.5) for 
the pair ( TM,T*M ) to be a weak Lie-Filippov bialgebroid of order n > 3 over M hold 
modulo proving 

n —1 

A • • • A a n - 1 ), P # (/3 1 A ■ ■ ■ A p n -1 )] = pi ^ A ‘ ‘ ‘ A [°P • • ■ > «n-i, Pi] A • • • A /3 n _i) 

i=l 

for all d-closed 1-forms ctj, l<i<n — 1 and for any 1-forms /3j, 1 < j< n — 1, on M. To 
prove the above equality, we use the definition of the anchor P $ and Remark 5.4. 

We first prove the equality for exact 1-forms a* = dfi and (3j = dgj, fi,gj £ 

Observe that for any h £ C°°(M), 

[P\dfi A • • • A d/ n _i),P a (d£R A ■ ■ ■ A G^ n _i)](/i) 

= P tt (d/i A • • • A df n -i)P\dgi A • • • A dg n _i)(/i) 

- P # (dgi A • • • A d^-OP^d/i A • • • A df n _i)(h) 

= {/l) ■ ■ ■ ! fn—h {^l> ■ ■ ■ j 9n—li h }} — {^l; ■ ■ ■ j 9n—li {/l; • • • j fn—h h }} 

72—1 

= ^ ^ {Sl? • • • Si—1? {/l? • ■ ■ ? /n—1? Si}?•••? S 72 —1? 

2—1 

+ {Si? • • • ? 9n— 1? {/l? • • • ? fn— 1? ^}} — {Si? • • • ? Qn 1 ? {/l? • • • 5 fn— 1? } 

n—1 

= ^ ^ {Sl? • • • Si—1? {/l? • ■ ■ ? fn 15 Si}?•••? 9n—li 
i=l 

72—1 

= y^-P^dgi A • • • A dgi-i A d{/i,... ,/n-i?Si} A • • • A dp n _i)(/i) 

2=1 

72—1 

= ^ P # (d5i A • • • A A [dfi,..., d/n-i, %] A • • • A d5„_i)(/i). 

2=1 
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Next, replacing dg± by fdgi, where / £ C°°(M ) and using the above steps, we get 


[P^dfi A • • • A df n -i), P^ifdgi A • • • A dg n -i)] 

= [P\dfi A • • • A df n - 1 ), fP\dgi A • • • A dffn-i)] 

= /[P # (d/i A ■ ■ ■ A d/ n _i), A • • • A d^-l)] 

+ P*(d/i A • • • A df n -i)(f)P^(dgi A • • • A d 0 n _i) 

n—1 

= / X A • • • A A [h/i,..., d/n-i, A • • • A d 5 n _i) 

2—1 

+ F # (d/i A • • ■ A df n ^i)(f)P i (dg 1 A • • • A d 0 n _i) 

= /-P^Qd/i,..., df n -i, dgi] A dg 2 A • • • A dc^-i) 

n —1 

+ / X P\dgx A • • • A A [d/i,..., d/ n _i, d&] A • • • A dg n -i) 
i=2 

+ P\dfi A • • • A df n _i)(f)P i (dg 1 A • • • A 

= ^"([d/l, • • ■ , d/n-l, /^3l] A A • • • A 
n —1 

+ X] A • • • A dgi-i A [d/i, • • •, df n -i,dgi] A • • • A d^-i)- 

i=2 

Since closed forms are locally exact, we may conclude using the above obervations that for 
all closed 1-forms a*, 1 < i < n — 1 and for any 1-forms f3j, 1 < j < n — 1, on M the 
equality 

n— 1 

[P # («i A • • • A a n _i), A • • • A Pn-i)\ = X A ■ • • A [«i! • • ■, «n-i, A] A • • • A /3 n _i) 

2—1 


holds. This completes the proof. 


□ 


5.11. Remark. Nambu structures on Lie algebroids are further generalizations of Nambu- 
Poisson manifold [12]. Let A —>• M be a Lie algebroid. Let n £ N, 3 < n < m = rank A. 
Let dA denote the coboundary operator of the Lie algebroid cohomology complex of A. 

Recall that a smooth section II € r(A n A) is said to be a Nambu structure of order n on 
A if 

[I%),n] = £ n(a) n = (-i) n (u(d A a))u = (-i) n (t dAa n)n 

for any a £ r(A n_1 A*), where [ , ] denotes the generalized Schouten bracket on the graded 
commutative algebra r(A*A) and t denotes the contraction operator. 

It may be remarked that if A is a Lie algebroid equipped with a Nambu structure of order 
n such that every d^-closed section M —> A* is locally d A -ex act, then the above method 
can be developed to show that the pair (A, A*) is weak Lie-Filippov bialgebroid. 

We have just seen that for a Nambu-Poisson manifold M of order n (n > 3), the pair 
( TM,T*M ) is a weak Lie-Filippov bialgebroid of order n > 3 over M. Therefore, by 
Theorem 5.8, there is an n-ary bracket on the graded modules FA*T*M = Q*(M) 

which together with the wedge product makes it a Nambu-Gerstenhaber algebra of order 
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n. We end this section proving a result that shows how this n-ary bracket behaves with 
respect to the exterior differential on M. 

5.12. Proposition. Let (M, }) be a Nambu-Poisson manifold of order n. Then for 

any 1-forms ai,... ,a n £ Q 1 (M), we have 

n 

d[cx i,..., cx n ] — ^ ' [oil,..., doti ,... ot n ]. 

i =1 

Proof. It is enough to prove the identity for a* = fidgi , where fi,gi £ C°°(M), 1 < i < n. 
A direct computation using properties (1) and (3) of the Proposition 5.2 shows that 

[fidgi, ■ ■ ■ ,f n dg n ] = / 1/2 • • • f n [dgi, ■ ■ •, dg n \ 

n 

+ ■■■/<■•• UPKdgi A ■ ■ ■ A 4 A • • • dg n )fi)d gi , 

i =1 

for fi,...,f n , gi,---,g n £ C°°(M). 

One can write out d[f\dg\,..., f n dg n ] as a finite linear combination of terms of the form 
dfiAdgj, (i / j), dfoAdgi, dgiAdgj, dg 3 f\dg % , dfi/\[dgi,..., dg n \ and [dgi, ...,dfi,..., dg n \Adgi. 
The coefficients of these terms are smooth functions on M. Similarly, one can expand 

n 

■ ■ ■, d( fidgi),..., fndgn] 

i=l 

with respect to the same terms. To check that 

n 

d[fidgi,..., f n dg n ] = ^[fidgi,..., d(fidgi),..., f n dg n ] 

i=1 

it suffices to match the coefficients on both quantities term-wise. We use property (2) of 
the Proposition 5.2 and the fact that 

[dfl, • • • , df n - 1 , /„] = P\dfi A ■ ■ ■ A df n -i)fn = {/l, ■■■,fn} 

to observe that 

(1) the coefficients of dfi A dgj, i / j, are the same in both the quantities; 

(2) the coefficients of dfi A dgi are zero; 

(3) the coefficients of dgi A dg 3 are the same as the coefficients of dgj A dgi and hence 
they cancel each other in one quantity while it is zero in the other; 

(4) the coefficients of dfi A [dgi ,..., dg n ] are the same in both the quantities; 

(5) the coefficients of [dgi,..., dfi,..., dg n ] A dgi are the same in both the quantities. 

This completes the proof. □ 


6. LIE-FILIPPOV BIALGEBROID 

The notion of a Lie bialgebroid was introduced by Mackenzie and Xu [8], as a general¬ 
ization of both Poisson manifold and Lie bialgebra. Lie bialgebroids are the infinitesimal 
form of Poisson groupoids. 
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Recall that a Lie bialgebroid is a pair (A, A*) of Lie algebroids in duality, satisfying the 
compatibility condition 

d*[X,Y] = [d*X,Y] + [X, d*Y], 

for all X, Y £ TA. Here d* is the differential on r(A*A) defined by the Lie algebroid 
structure of A* and [ , ] is the Gerstenhaber bracket on r(A*A) defined by the Lie algebroid 
structure on A. Note that this condition is equivalent to the condition (16) in [ 8 ]. 

Let dA be the coboundary operator in the Lie algebroid complex r(A*A*) of the Lie 
algebroid A and [ , ]* be the Gerstenhaber bracket in T(A*A*) extending the Lie bracket 
of TA*. Then the compatibility condition may be stated equivalently as 

d A [a,/3]* = [d A a,/3 \* + [a,d A /3\*, 

for all a, (3 £ T A* ([5], [ 8 ]). 

The aim of this section is to introduce a generalization of the notion of Lie bialgebroid, 
which we call Lie-Filippov bialgebroid. Roughly speaking, a Lie-Filippov bialgebroid of order 
n is a pair (A, A*) consisting of a Lie algebroid A over a smooth manifold M such that the 
space of sections TA* of the dual bundle A* admits an n-ary bracket making the pair ( A , A*) 
a weak Lie-Filippov bialgebroid of order n over M and the Lie algebroid structure on A 
and the the induced Nambu-Gerstenhaber bracket on TA’A* are related by some suitable 
compatibility condition. This compatibility condition may be viewed as a generalization 
of the equivalent compatibility condition for Lie bialgebroids as stated above. Finally, we 
prove some results which are consequences of this structure. 

We begin with a motivating example. 

6.1. Example. Let M be a Nambu-Poisson manifold of order n. Then by the Theorem 5.10, 
in the previous section, we know that the pair ( TM , T*M) is a weak Lie-Filippov bialgebroid 
of order n over M. Moreover, by the Proposition 5.12, the induced Nambu-Gerstenhaber 
bracket (cf. Remark 5.9) on fi*(M) satisfies 

n 

d[ai, = ^[aq,... ,da»,... a n \, a, € H 1 (M). 

i =1 

6.2. Definition. Let A be a smooth vector bundle over a smooth manifold M. Then the 
pair (A, A*) is said to be a Lie-Filippov bialgebroid of order n, (n > 3) over M, if 

(1) the pair (A, A*) is a weak Lie-Filippov bialgebroid of order n over M; 

( 2 ) and the following compatibility condition holds. 

n 

d A [or; • • • j <a n ] — )* ) [oq, • • •, d A Oii, • • •, oc n ], 
i=1 

for any oti £ TA*, i £ {1,..., n}, where d A is the Lie algebroid coboundary operator 
for the Lie algebroid cohomology of A with coefficients in the trivial representation 
and [,..., ] is the Filippov-Gestenhaber bracket on the graded algebra r(A*A*), 
corresponding to the weak Lie-Filippov bialgebroid (A, A*) over M. 

The anchor p of the weak Lie-Filippov bialgebroid is called the anchor of the Lie-Filippov 
bialgebroid (A, A*). 
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From the Theorem 5.10 and the Proposition 5.12, we deduce 

6.3. Corollary. Suppose M is a Nambu-Poisson manifold of order n, (n > 3). Then the 
pair (TM,T*M) is a Lie-Filippov bialgebroid of order n, over M. 

Next, we deduce a classification theorem for Lie-Filippov bialgebroids of order n. 

Recall the following definitions from [11]. 

6.4. Definition. A differential Gerstenhaber algebra is a Gerstenhaber algebra equipped 
with a differential <5, which is a derivation of degree 1 with respect to A and 5~ = 0. It is 
called a strong differential Gerstenhaber algebra if, in addition, 5 is a derivation of graded 
Lie bracket. 

Given a smooth vector bundle A over M, there is a one-to-one correspondence between 
Lie bialgebroid pairs (A, A*) and strong differential Gerstenhaber structures on r(A*A) (cf. 
[11]). Note that Lie bialgebroid is a dual concept, in the sense that, if (A, A*) is a Lie 
bialgebroid so is (A*, A) (cf. [5,8]). Hence, there is a one-to-one correspondence between 
Lie bialgebroids (A, A*) and strong differential Gerstenhaber structures on r(A*A*). 

We prove an n-ary version of the above result by introducing a notion of strong Nambu- 
Gerstenhaber algebra of order n. 

6.5. Definition. A Nambu-Gerstenhaber algebra (A, A, [ ,..., ], 5) of order n is said to be 
a strong Nambu-Gerstenhaber algebra of order n if the differential 5 on A, is a derivation of 
the graded Nambu-Gerstenhaber n-ary bracket on A. 

The following result is immediate from the Theorem 5.8 and the Definitions 6.2, 6.5. 

6 . 6 . Proposition. Let A be a smooth vector bundle over a smooth manifold M. Then 
(A, A*) is a Lie-Filippov bialgebroid of order n if and only if (r(A*A*),A) is a strong 
Nambu-Gerstenhaber algebra of order n. 

In [5,8], the authors showed that if A is a smooth vector bundle over a smooth manifold 
M such that (A, A*) is a Lie bialgebroid then there is a canonical Poisson structure on the 
base manifold M. It is interesting to investigate this aspect in the case when (A, A*) is a 
Lie-Filippov bialgebroid. To this end, we need the following useful lemma. 

6.7. Lemma. Let (A, A*) be a Lie-Filippov bialgebroid of order n over a smooth manifold 

M. Let [,..., ] be the induced Nambu-Gerstenhaber n-ary bracket on (r(A*A*). For any 
ol{ £ TA*, i £ {1,..., n — 1} and f £ we have 

n —1 

[^1 ')•••') &n—l 1 f\ ^ ^ 5 • • • 5 5 • • • 5 Otfi — 1 , f\ + [o^l 5 • • • 5 ^71—1 ? * 

i= 1 

Proof. Let a n G FA*. Note that 

n —1 

&A [^1 5 • • • 5 f ^n] = ^ ^ [^1 5 • • • j 0 ^ 72 ] + [c^i, . . . , Of.fi — 1 , 4 (/ Otfi )]. 

i=1 
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We simplify the left hand side as 

dA [A 1; • • • j f &n\ — dA([ai, A OL n -|- f[oi i, ■ • • , Ctrl]) 

— <1a , OLn —1 j f] A Ct n + [ctl, . . . , OL n —\, 

+ d A f A [ai,... ,a„] + /(2 a [au, • • ■,«„]. 

On the other hand, the right hand side can be written as 

77,-1 

, dAOLi CTn] “I - [®1, • . . , CT n _l, dA (/Q! n )] 

i=l 
n—1 

— ' ([cni, . . . , dAOLi A -)- /[OR, . . . , dAOLi , • • • , On]) 
i=l 

T [« 1 1 ■ ■ ■ i ot n — i, dAf A On] + [or,..., Oi n — i, /dj4Q; n ] 

n—1 n—1 

— ^ [oLl , • • - , dAOLi , A On T ^ ^ f [ol \, . . . , dAOLi , • • • , CTn] 

i=l i=l 

+ [ai,..., a n -i) d^/] A«„ + dAf A [or, ..., a n ] 

+ [ai,..., a n -ij /]^AOn + f[oLi, ■ ■ ■, dAO n ]- 

Comparing right hand sides of the above equalities we deduce 

n— 1 

^A [or , ■ ■ •, o: n — i, /] A o n — ( ^ ] [p i, ■ ■ ■ j dAOLi ,•••>/]A [or,..., o n _i, dAf ]) A o n . 

i=l 

Thus, the result follows as a n is arbitrary. □ 

In order to formulate the next theorem we need to formulate a notion of morphisms 
between Lie-Filippov bialgebroids. 

6.8. Definition. Suppose {A, A*) and (B,B*) are two Lie-Filippov bialgebroids of order 
n over M. A Lie-Filippov bialgebroid morphism / : (A, A*) —> ( B,B *) is a morphism 
/ : A —>• B of Lie algebroids so that f* : B* -A- A* preserves the n-ary brackets and 
commutes with the anchors of (A, A*) and ( B,B *). 

6.9. Theorem. Let (A, A*) be a Lie-Filippov bialgebroid of order n over a smooth 
manifold M for n > 3. Then there is a canonical Nambu-Poisson structure of order n 
on M such that the anchor a : A —» TM of the Lie algebroid A is a morphism of Lie- 
Filippov bialgebroids (A, A*) —> ( TM,T*M). If there is a morphism (A, A*) —>■ (B,B*) of 
Lie-Filippov bialgebroids, the corresponding induced Nambu-Poisson structures on M are 
the same. 

Proof. Define an n-bracket on C°°(M ) by 

{/l> • • • > fn} := P(^A/l A • • • A dAfn—1 ) fn = [^A/l; • • • > ^A/n—1) fn ]> 

where dA is the coboundary operator of the Lie algebroid cohomolgy of A with coefficients 
in the trivial representation, p is the anchor of the Lie-Filippov bialgebroid (A, A*) and 
[,..., ] is the induced Nambu-Gerstenhaber bracket on r(A*A*). 
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From the Lemma 6.7, it follows that 

(2) d A {fi, ■ ■ ■, f n } = [d A fi, - ■ ■ ,d A f n ]- 

Clearly, the bracket is skew-symmetric in the first (n — 1) entries, so to prove that the above 
defined bracket is skew-symmetric, it suffices to check the skew-symmetry with respect to 
the last two entries. 

Note that for any /i,...,, / n _ 2 , / G C°°(M), 

(3) d A {fi,...,f n -2,f,f} = [d A fi, • • • ,d A f n - 2 ,d A f,d A f] = 0. 

In particular, d A {fi, / n _ 2 , / 2 , f 2 } = 0. Thus, d A (p(d A fi A • • • A d A f 2 )(f 2 )) = 0. This, 
in turn, implies 

d A {fp{d A f\ A • • • A d A f)(f 2 )) = 0, 

hence, 

d A (f 2 p(d A f 1 A---Ad A f)(f))=0. 

Therefore, 

d A (f 2 )p(d A h A • • ■ A d A f)(f) + f 2 d A (p(d A h A • • • A d A f){f)) = 0. 

By definition of the n-ary bracket and from equation (3), we see that 

d A (p(d A fi A ■ ■ ■ A d A f)(f)) = 0. 


Therefore, we get 

p(d A fi A • • • A d A f)(f)d A {f 2 ) = 0, 


or, 


This implies, 


This means, 


fp{d A fi A ■ ■ ■ A d A f)(f)d A f = 0. 


fp{d A f\ A • • • A d A f)(f)d A fi A • • • A d A f n - 2 A d A f = 0. 


f p(d A f i A • • • A d A f)(f)p(d A fi A • • • A dA/n-2 A d A f){f) = 0. 


In other words, 

/ ( P (d A fi A ■ ■ ■ A d A f)(f)) 2 = 0. 

Let u = (p(d A fi A ■ ■ ■ A d A f)(f)) 2 . We thus have either /(x) = 0 or n(x) = 0 for every x. 
Note that u(x) = 0 if f(x) = 0 in an open neighborhood of x, or if f{x) / 0. Otherwise, 
f{x) = 0 and f(x n ) / 0 for a sequence x n —> x as n —»• oo. It follows that u{x n ) = 0 and 
hence u(x) = 0 by continuity. Therefore, in all cases 

p{d A fi A ■ ■ ■ A d A f)(f) = {/i,..., f n -2, f, /} = 0, 

which proves that the n-ary bracket defined on C°°(M ) is skew-symmetric. 

From the definition of the bracket, it is clear that it satisfies the derivation property. 
We prove the fundamental identity for the bracket using Hamiltonian formalism. For 
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fi, ■ ■ ■, fn—i G C°°(M), define a vector field by 

X fi--fn-i = p{dAfi A • • • A cIa/ti-I ) 

so that for 5 £ C°°(M), 

X fi-fn-i(9) = p(d A fi A--- Ad A f n -i)(g) = 

Note that for / 1 ,, /„_ 1 € C°°(M), and 51 ,... ,.g n _i G C°°(M), 

[ X fi—fn-i > ffn-i] = [^(^A/l A • • • A dAfn—1 ); p{dA9l A • • • A dA9n—l )] 


n—1 


E /o(dA5i A • • • A [cU/i, ■ ■ •, d A fn-i,d A gi ] A • • • A d A g n - 1 ) 
2— 1 
n—1 

E / 9 ( d Afi'l A • • • A eU{/l, • • •, fn-l, gi} A • • • A d A g n -l) 

i= 1 
n—1 


2—1 


Hence, 


i«/l j • • • ? fn— 1 5 {*?1 5 • • • 5 $72}} ^ fn— 1 1 9 i\ i • • • 5 $22} 


2—1 


72—1 


{/l? * * * ? fTL —15 {^l} • • • 5 $72 }} ^ ^ {$1? • • * 7 {/lj * * * 7 /? 2 —1? $ 2 }5 * * * 5 9n~ll Qu} 

2—1 

{$1 J * * * 7 9tL 1 5 { fl 5 • • * j fn— 1 5 #72 } } 

72 

— -^/l.../n-l^l-Pn-l(3n) — ^.91-l/lJn-lftl-gn-l (^) 

2—1 

72 

_ [^/l-/n-15^Pl-5n-ll(^) _ 5Z'^1—(/l» — 

= 0 . 


2=1 


Therefore, we conclude that M has a Nambu-Poisson structure of order n. Next we verify 
that the anchor map a : A TM of the Lie algebroid A is, in fact, a morphism (A, A*) 
(TM, T*M) of Lie-Filippov bialgebroids. Note that a*(df) = cIa /• The anchor map for any 
Lie algebroid is a Lie algebroid morphism, thus, it suffices to prove that for 1-forms ol{ 


(1 [o^i, • • • ? 0^72] — \p> ^1? • • • 1 Oi CXn\ 

and 

p(a*(ai A ... A a n _i)) = A ... A a n _i), 

where P is the Nambu-Poisson tensor on M induced from the Lie-Filippov bialgebroid 
{A, A*)- For the second equation note that the anchor maps are vector bundle morphisms 
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and hence, C'°°(M)-linear. Therefore, it suffices to prove the equation for a, = dfi for which 
p{a*(dfi A ... A d/n—i))(/n) = p(d A fi A ... A d A fn-l)(fn) 

= {/l, •••,/n} 

= p«(d/i A ... A d/ n _i)(/ n ). 

For the first equation, we may write each ct* as a linear combination of fidgi, and, expand 
both sides by linearity and the derivation property of the n-bracket. Note that a* is 
linear and thus it suffices to verify the equation for ctj = dfi. We have 

a*[dfi,..., df n ] = a*d{fi, = d A {f x , ...,/„} = [d A f x ,..., d A f n \ = [a*dfi ,..., a*df n ]. 

It remains to show that the induced Nambu-Poisson structure in independent up to 
morphisms of Lie-Filippov bialgebroids. Suppose that there is a morphism of Lie-Filippov 
bialgebroids f> : {A, A*) —>• Let us denote by a A , the anchor for any Lie algebroid 

A and by p A *, the anchor for any Lie-Filippov bialgebroid (A, A*). It implies the existence 
of a commutative diagram of Lie-Filippov bialgebroids 

(A, A*) -— (B,B*) 



(: TM , T*M) 

with an induced diagram of vector bundles 

T*M —^ B* 

4 >* 

A* 

Let {,■■•, }(A,A*) (respectively, }(b,b*)) be the Nambu-Poisson structures induced 

from {A, A*) (respectively, (B,B*)). Using the commutative diagrams above we get 

{/lj • • • i /n}(A,A*) = PA* {d A fi A • ■ ■ A d A f n —i)(f n ) 

= p A * (a* A df i A • • • A a* A df n -i)(f n ) 

= p A *{(j)*a* B dfi A • • • A (f*a* B df n -i)(f n ) 

= p A *4>*(a B dfi A • • • A a* B df n -i)(f n ) 

= Pb* (d B fi A • • • A d B f n -i)(f n ) 

= {fl, ■ ■ ■ , fn}(B,B*)- 

This completes the proof of the theorem. □ 

6.10. Remark. Observe that for a Nambu-Poisson manifold M of order n, if we consider 
the Lie-Filippov bialgebroid ( TM,T*M) of Example 6.1, then its induced Nambu-Poisson 
structure on M coincides with the given Nambu-Poisson structure on M. 
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